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METODE DE OPTIMIZARE DE ORDINUL 0, I �I II 
 
 
 
 

 1. S� se g�seasc�: 
( )100x2x2x8xxx2min 321
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cu x1∈R, x2∈R utilizând: 
a. metoda optimiz�rii ciclice de-a lungul axelor de coordonate (metod� de ordinul 0); 
b. metoda direc�iilor conjugate (metod� de ordinul 0); 
c. metoda gradien�ilor conjuga�i (metod� de ordinul I); 
d. metoda Newton (metod� de ordinul II). 

 
Deoarece în cadrul optimiz�rii apar derivate de ordinul I �i ordinul al-II-lea termenul liber 

poate fi neglijat, astfel încât problema de optimizare devine: 
( )321

2
3

2
2

2
1 x2x2x8xxx2min ⋅+⋅+⋅−−+⋅  

 Indiferent de metoda de optimizare utilizat� pentru acest tip de problem� se calculeaz�: 
��gradientul func�iei (derivata de ordinul I): 
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 În cazul nostru deoarece avem în problema de optimizare doar x1 �i x2, rela�ia 10.1 
devine: 
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 Formule derivate: 

( ) 1n'n xnx −⋅= ; ( ) ctxct ' =⋅ ; ( ) 0ct ' =  
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��Hessian-ul (derivata de ordinul al-II-lea): 
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În cazul nostru deoarece avem în problema de optimizare doar x1, x3 �i x3, rela�ia 10.2 

devine: 
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 Completarea matricei Hessian: 
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a. Metoda optimiz�rii ciclice de-a lungul axelor de coordonate (metod� de ordinul 0) 

a.1. Se alege un )0(x  (x la pasul zero) arbitrar 
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a.2. Se calculeaz� )0(g  înlocuind valorile x1, x2 �i x3 (din matricea anterioar�) în matricea 
Fg ∇=  
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 a.3. Se alege prima direc�ie de-a lungul primei axe de coordonate: 
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 a.4. Se calculeaz� pasul de deplasare: 
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 În cazul nostru: 
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 a.5. Se calculeaz�: ( ) ( ) ( ) ( )kkk1k dxx ⋅λ+=+   
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 a.6. Se calculeaz� g la pasul urm�tor prin înlocuirea noilor valori x1, x2 �i x3 în matricea 
Fg ∇= . Se verific� dac� matricea g la pasul urm�tor este zero. Dac� este zero metoda se opre�te, 

deci s-au atins solu�iile optime. 
 Dac� nu este zero se alege urm�toarea direc�ie de deplasare �i se reiau pa�ii a.4÷a.6. 
 
 
 În cazul nostru g la pasul urm�tor este )1(g . Înlocuim noile valori x1, x2 �i x3 (x1=2; x2=0; 
x3=0) în matricea Fg ∇= . 
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 Urm�toarea direc�ie (de-a lungul celei de-a doua axe de coordonate) este: 
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Urm�toarea direc�ie (de-a lungul celei de-a doua axe de coordonate) este: 
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b. Metoda direc�iilor conjugate (metod� de ordinul 0) 

b.1. Se alege un )0(x  (x la pasul zero) arbitrar 
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b.2. Se calculeaz� )0(g  înlocuind valorile x1, x2 �i x3 (din matricea anterioar�) în matricea 
Fg ∇=  
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 b.3. Se alege prima direc�ie: 
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 b.4. Se calculeaz� pasul de deplasare: 
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b.5. Se calculeaz�: ( ) ( ) ( ) ( )kkk1k dxx ⋅λ+=+   
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 b.6. Se calculeaz� g la pasul urm�tor prin înlocuirea noilor valori x1, x2 �i x3 în matricea 
Fg ∇= . Se verific� dac� matricea g la pasul urm�tor este zero. Dac� este zero metoda se opre�te, 

deci s-au atins solu�iile optime. 
 Dac� nu este zero se calculeaz� urm�toarea direc�ie de deplasare �i se reiau pa�ii b.4÷b.6. 
 
 În cazul nostru g la pasul urm�tor este )1(g . Înlocuim noile valori x1, x2 �i x3 (x1=0,362; 
x2=0,895, x3=3) în matricea Fg ∇= . 
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Urm�toarea direc�ie de deplasare se calculeaz�. 
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( )

( )

( )

( )( ) ( )( ) ( )( )�
�

�

�
�

�

�

=++

=
�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�
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�
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�
�

�
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=
�
�
�
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�

�
�
�
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�

⋅
�
�
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�

�

�
�
�

�

�

−�
�
�

�

�

�
�
�

�

�



��

�
�
�

=

=⋅

1ddd

0
0
3

2
,

d
d
d

1dd

0

0

2/3
2/1

200

020
004

,

d

d
d

1d

0dH,d

21
3

21
2

21
1

1
3

1
2

1
1

21
2

21
1

1
3

1
2

1
1

1

01

 

( )

( )

( )
[ ]

( )( ) ( )( ) ( )( )

( ) ( )

( )( ) ( )( ) ( )( )��

�
�
�

=++

=⋅+⋅



�
�

�

�
�

�

�

=++

=⋅
�
�
�

�

�

�
�
�

�

�

1ddd

0d3d2

1ddd

0032
d
d
d

21
3

21
2

21
1

1
2

1
1

21
3

21
2

21
1

1
3

1
2

1
1

 

 Sistemul are dou� ecua�ii cu trei necunoscute. Se mai impune o condi�ie arbitrar� (pentru 
u�urin�a sistemului): ( ) 0d 1

1 =  
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( ) ( )

( )( ) ( )( ) ( )( ) ( )( ) ( )��

�
�
�

=
=++
=++

=
=⋅+⋅

1d1d001ddd

0d0d302
1

3
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3

2221
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2
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1

1
2

1
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1
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�
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�
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�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

−

−

−=
⋅

−=λ

2
0
0

,
1
0
0

100
4

79,3
552,6

1
0
0

200
020
004

,
1
0
0

1
0
0

,
4

79,3
552,6

dH,d
d,g

11

11
1  

( )

[ ]

2
2
4

200
1
0
0

41 −=
−
−−=

�
�
�

�

	








�

�

−⋅
�
�
�

�

�

�
�
�
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�
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=
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=
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−
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=
�
�
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�
�
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�

�

⋅−+
�
�
�

�

�

�
�
�

�

�

=⋅λ+=
3

2

1
1112

x

x
x

1
895,0

362,0

2
0

0

3
895,0

362,0

1
0

0

2
3
895,0

362,0

dxx  

 
 

( ) 
≠
�
�
�

�

�

�
�
�

�

�−
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=
�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇= 0
0
79,3

552,6

212
2895,02

8362,04

2x2

2x2

8x4

Fg

3

2

1
2 nu s-a atins solu�ia optim� 

 
 

Urm�toarea direc�ie de deplasare se calculeaz�. 
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( )

( )

( )( ) ( )( ) ( )( )
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1ddd

0
2

0
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,
d
d
d

0
0
3

2
,

d
d
d

1ddd

0
1
0
0

200
020
004

,
d
d
d

0
0

2/3
2/1

200
020
004

,
d
d
d

1d

0dH,d

0dH,d

23
3
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2

22
1

2
3

2
2

2
1

2
3

2
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2
1
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3
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2

22
1

2
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2
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2
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2
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2
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2
1

2
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=
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653,0755,0
2
3

d
2
3

d

755,0
1

4
3

1
d
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0
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,
0
755,0
653,0
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4

79,3
552,6

1
755,0
653,0

200
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,
1
755,0
653,0

0
755,0
653,0

,
0
79,3
552,6

dH,d
d,g

22

22
2  

( )

[ ]
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139,7
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( ) ( ) ( ) ( ) ( )
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−=
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−+
�
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�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�−
⋅−+

�
�
�

�

�

�
�
�

�

�

=⋅λ+=
3

2

1
2223

x

x
x

1
999,0

2

0
894,1

638,1

1
895,0

362,0

0
755,0

653,0

509,2
1
895,0

362,0

dxx  

 
 

( ) ( ) 
≅
�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�

+⋅−
+−⋅

−⋅
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇= 0
0
002,0

0

212
2999,02

824

2x2

2x2

8x4

Fg

3

2

1
3 s-a atins solu�ia optim� 

 
 Solu�ia optim� este:  

1x

999,0x

2x

3

2

1

=
−=

=
 

 
 Direc�iile conjugate 

→)0(d se aleg arbitrar dar cu ( ) 1d 0 =  

 

→)1(d se calculeaz�: 
( ) ( )

( )
��

�
�
�

=

=⋅

1d

0dH,d
1

01

 

 

→)2(d se calculeaz�: 

( ) ( )

( ) ( )

( )
�
�
�

��
�

�

=

=⋅
=⋅

1d

0dH,d

0dH,d

2

12

02

 

 

→)n(d se calculeaz�: 

( ) ( )

( ) ( )

( ) ( )

( )�
�
�

�

�
�
�

�

�

=

=⋅

=⋅
=⋅

−

1d

0dH,d

0dH,d

0dH,d

n

1nn

1n

0n

�  

 
c. Metoda gradien�ilor conjuga�i (metod� de ordinul I) 

c.1. Se alege un )0(x  (x la pasul zero) arbitrar 
�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

=

3

2

1
)0(

x
x

x

1
1

1

x  

c.2. Se calculeaz� )0(g  înlocuind valorile x1, x2 �i x3 (din matricea anterioar�) în matricea 
Fg ∇=  

( ) 0
0
4

4

212
212

814

2x2

2x2

8x4

Fg

3

2

1
0 ≠

�
�
�

�

�

�
�
�

�

�−
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=
�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇=  
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 c.3. Se calculeaz� direc�ia curent� cu rela�ia: 
 

( ) ( ) ( ) ( )1kkkk dgd −⋅β+−= , unde: ( )
( ) ( )( )

( ) ( )( )1k1k

kk
k

g,g
g,g

−−=β  

 La pasul zero: ( ) ( )

�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�−
−=−=

0
4

4

0
4

4

gd 00  

 c.4. Se calculeaz� pasul de deplasare: 

( )
( ) ( )( )

( ) ( )( )kk

kk
k

dH,d
d,g
⋅

−=λ  

 În cazul nostru: 
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�
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�
�
�

�

�

�
�
�

�

�

−
�
�
�

�

�

�
�
�

�

�−

−=
⋅

−=λ

0
8

16
,

0
4

4

044
0
4
4

1
755,0
653,0

200
020
004

,
0
4

4

0
4

4
,

0
4
4

dH,d
d,g

22

22
2  

( )

[ ]

333,0
96
32

03264
32

0816
0
4

4
322 =−−=

++
−−=

�
�
�

�

	








�

�

−⋅
�
�
�
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�
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 c.5. Se calculeaz�: ( ) ( ) ( ) ( )kkk1k dxx ⋅λ+=+   

( ) ( ) ( ) ( )

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�
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�
�
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=
�
�
�

�

�

�
�
�

�

�

−⋅+
�
�
�

�

�

�
�
�

�

�

=⋅λ+=
3

2

1
0001

x

x
x

1
332,0

332,2

0
332,1

332,1

1
1

1

0
4

4

333,0
1
1

1

dxx  

 c.6. Se calculeaz� g la pasul urm�tor prin înlocuirea noilor valori x1, x2 �i x3 în matricea 
Fg ∇= . Se verific� dac� matricea g la pasul urm�tor este zero. Dac� este zero metoda se opre�te, 

deci s-au atins solu�iile optime. 
 Dac� nu este zero se calculeaz� urm�toarea direc�ie de deplasare �i se reiau pa�ii c.4÷c.6. 
 
 
 În cazul nostru g la pasul urm�tor este )1(g . Înlocuim noile valori x1, x2 �i x3 (x1=0,2,332;          
x2=-0,332; x3=1) în matricea Fg ∇= . 

( ) ( ) 0
0
336,1

328,1

212
2332,02

8332,24

2x2

2x2

8x4

Fg

3

2

1
1 ≠

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

+⋅−
+−⋅

−⋅
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇= nu s-a atins solu�ia optim� 

 
Urm�toarea direc�ie de deplasare se calculeaz�: 

( ) ( ) ( ) ( )0111 dgd ⋅β+−=  
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( )
( ) ( )( )
( ) ( )( )

[ ]

[ ]

110,0
0161

0784,1763,1

0
4
4

044

0
336,1
328,1

0336,1328,1

0
4
4

,
0
4
4

0
336,1
328,1

,
0
336,1
328,1

g,g
g,g

00

11
1 =

++
++=

�
�
�

�

�

�
�
�

�

�−
⋅−

�
�
�

�

�

�
�
�

�

�

⋅

=

�
�
�

�

�

�
�
�

�

�−

�
�
�

�

�

�
�
�

�

�−
�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

==β

 

( ) ( ) ( ) ( )

�
�
�

�

�

�
�
�

�

�

−
−

=
�
�
�

�

�

�
�
�

�

�

−+
�
�
�

�

�

�
�
�

�

�

−
−

=
�
�
�

�

�

�
�
�

�

�

−⋅+
�
�
�

�

�

�
�
�

�

�

−=⋅β+−=
0
776,1
888,0

0
44,0

44,0

0
336,1
328,1

0
4

4
11,0

0
336,1
328,1

dgd 0111  

 

( )
( ) ( )( )

( ) ( )( )

[ ]

�
�
�

�

	








�

�

�
�
�

�

�

�
�
�

�

�

−
−

�
�
�

�

�

�
�
�

�

�

−
−

�
�
�

�

	








�

�

−−⋅
�
�
�

�

�

�
�
�

�

�

−=

�
�
�

�

	








�

�

�
�
�

�

�

�
�
�

�

�

−
−

⋅
�
�
�

�

�

�
�
�

�

�

−�
�
�

�

�

�
�
�

�

�

−
−

�
�
�

�

	








�

�

�
�
�

�

�

�
�
�

�

�

−
−

�
�
�

�

�

�
�
�

�

�

−=
⋅

−=λ

0
552,3
552,3

,
0
776,1
888,0

0776,1888,0
0
336,1
328,1

0
776,1
888,0

200
020
004

,
0
776,1
888,0

0
776,1
888,0

,
0
336,1
328,1

dH,d
d,g

11

11
1  

( )

[ ]

375,0
462,9
551,3

0552,3552,3
0
776,1
888,0

551,31 =−−=

�
�
�

�

	








�

�

−−⋅
�
�
�

�

�

�
�
�

�

�

−
−

−−=λ  

 
 

( ) ( ) ( ) ( )

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�

−
−

+
�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�

−
−

⋅+
�
�
�

�

�

�
�
�

�

�

−=⋅λ+=
3

2

1
1112

x

x
x

1
998,0

999,1

0
666,0

333,0

1
332,0

332,2

0
776,1

888,0

375,0
1
332,0

332,2

dxx  

 
 

( ) ( ) 0
0
004,0

004,0

212
2998,02

8999,14

2x2

2x2

8x4

Fg

3

2

1
2 ≠

�
�
�

�

�

�
�
�

�

�−
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+−⋅

−⋅
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇= nu s-a atins solu�ia optim�  

 
Urm�toarea direc�ie de deplasare se calculeaz�: 

( ) ( ) ( ) ( )1222 dgd ⋅β+−=  

( )
( ) ( )( )
( ) ( )( )

[ ]

[ ]

00001017,0
145,3

000032,0

0
336,1
328,1

0336,1328,1

0
004,0
004,0

0004,0004,0

0
336,1
328,1

,
0
336,1
328,1

0
004,0
004,0

,
0
004,0
004,0

g,g
g,g

11

22
2 ==

�
�
�

�

�

�
�
�

�

�

⋅

�
�
�

�

�

�
�
�

�

�−
⋅−

=

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�−

�
�
�

�

�

�
�
�

�

�−

==β
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( ) ( ) ( ) ( )

�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�

−
−

⋅+
�
�
�

�

�

�
�
�

�

�−
−=⋅β+−=

0
0039819,0

0039909,0

0
776,1
888,0

00001017,0
0
004,0
004,0

dgd 1222  
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( ) ( )( )

( ) ( )( )

[ ]

�
�
�
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�

�
�
�

�

�

�
�
�

�
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−
�
�
�
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�
�

�

�

−

�
�
�

�

	








�

�

�
�
�

�

�

�
�
�

�

�

−⋅−

−=

�
�
�

�

	








�

�

�
�
�

�

�

�
�
�

�

�

−⋅
�
�
�

�

�

�
�
�

�

�

−�
�
�

�

�

�
�
�

�

�

−

�
�
�

�

	








�

�

�
�
�

�

�

�
�
�

�

�

−
�
�
�

�

�

�
�
�

�

�−

−=
⋅

−=λ

0
00796,0

01596,0

,
0

0039819,0

0039909,0

0
0039819,0

0039909,0
0004,0004,0

0
0039819,0

0039909,0

200
020

004

,
0

0039819,0

0039909,0

0
0039819,0

0039909,0
,

0
004,0
004,0

dH,d
d,g

22

22
2

 
( )

[ ]

334,0
00009542,0
00003189,0

000796,001596,0
0

0039819,0
0039909,0

00003189,01 =−−=

�
�
�

�

	








�

�

−⋅
�
�
�

�

�

�
�
�

�

�

−

−−=λ  

 
 

( ) ( ) ( ) ( )

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�

−⋅+
�
�
�

�

�

�
�
�

�

�

−=⋅λ+=
3

2

1
2223

x

x
x

1
999,0

003,2

0
0039819,0

0039909,0

334,0
1
998,0

999,1

dxx  

 
 

( ) ( ) 
=
�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

+⋅−
+−⋅

−⋅
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇= 0
0
002,0

012,0

212
2998,02

8003,24

2x2

2x2

8x4

Fg

3

2

1
3 s-a atins solu�ia optim� 

 Solu�ia optim� este:  

1x

999,0x

003,2x

3

2

1

=
−=

=
 

 
 

d. Metoda Newton (metod� de ordinul II) 
 Aceast� metod�, pentru func�iile obiectiv p�tratice, din orice punct x(0) s-ar porni 
permite ob�inerea minimul într-un singur pas dac� se alege λλλλ(0)=1. 

d.1. Se alege un )0(x  (x la pasul zero) arbitrar 
�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

=
3

2

1
)0(

x

x
x

0
0

0

x  

d.2. Se calculeaz� )0(g  înlocuind valorile x1 �i x2 (din matricea anterioar�) în matricea 
Fg ∇=  

( ) 0
2
2

8

202
202

804

22

22

84

3

2

1
0 ≠

�
�
�

�

�

�
�
�

�

�−
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=
�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇=
x

x

x

Fg  
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d.3. Prima direc�ie de deplasare se calculeaz� cu rela�ia:  
( ) ( )01)0( gHd ⋅−= −  

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

⋅
�
�
�

�

�

�
�
�

�

�

−

=⋅ −

100
010

001

ihg
fed

cba

200
020

004

IHH 1  

�
�
�
�
�
�

�

�
�
�
�
�
�

�

�

−=
=⋅−⋅+⋅
=
=⋅−⋅+⋅
=
=⋅−⋅+⋅

=
=⋅+⋅+⋅
=
=⋅+⋅+⋅
=
=⋅+⋅+⋅

=
=⋅+⋅+⋅
=
=⋅+⋅+⋅
=
=⋅+⋅+⋅

2/1i1i2f0c0
0h0h2e0b0
0g0g2d0a0

0f0i0f2c0
2/1e1h0e2b0

0d0g0d2a0

0i0i0f0c4
0b0h0e0b4

4/1a1g0d0a4

�
�
�

�

�

�
�
�

�

�

−
=
 −

2/100
02/10

004/1

H 1  

 

( ) ( )

�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�

−

−
−=

�
�
�

�

�

�
�
�

�

�−
⋅
�
�
�

�

�

�
�
�

�

�

−
−=⋅−= −

1
1

2

1
1

2

2
2

8

2/100
02/10

004/1
01)0( gHd  

 
 d.4. Se alege pasul de deplasare: ( ) 10 =λ  

  
 d.5. Se calculeaz�: ( ) ( ) ( ) ( )kkk1k dxx ⋅λ+=+   

( ) ( ) ( ) ( )

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

−=
�
�
�

�

�

�
�
�

�

�

−⋅+
�
�
�

�

�

�
�
�

�

�

=⋅λ+=
3

2

1
0001

x

x
x

1
1

2

1
1

2

1
0
0

0

dxx  

 d.6. Se calculeaz� g la pasul urm�tor prin înlocuirea noilor valori x1, x2 �i x3 în matricea 
Fg ∇= , rezultatul ob�inut trebuie s� fie zero.  

 În cazul nostru g la pasul urm�tor este )1(g . Înlocuim noile valori x1, x2 �i x3 (x1=2; x2=-1; 
x3=1) în matricea Fg ∇= . 

( ) ( ) 0
0
0

0

212
212

824

22

22

84

3

2

1
0 =

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

+⋅−
+−⋅

−⋅
=

�
�
�

�

�

�
�
�

�

�

+⋅−
+⋅
−⋅

=∇=
x

x

x

Fg  s-a atins solu�ia optim� 

 Solu�ia optim� este:  
 

1x

1x

2x

3

2

1

=
−=

=
 


